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Abstract

We describe a support vector machine (SVM) classifier design algorithm called L1-SVMD that
produces approximate solutions with guaranteed accuracy and runs in polynomial time. This al-
gorithm computes an approximate solution to the L1-SVM quadratic programming (QP) problem
using a two stage approach where the first stage uses Simon’s decomposition algorithm [8, 24, 16]
to compute an approximate solution to a dual QP, and the second stage constructs an approximate
primal solution from the approximate dual solution. For the second stage we establish a general
method for constructing primal solutions with accuracy €, from dual solutions with accuracy eqg
by solving a set of converse dual equations, and then we design an efficient algorithm that ap-
proximately solves these equations to yield approximate primal solutions with accuracy €, o< \/€g.
For the L1-SVMD algorithm we develop a run time bound that depends on the regularization
parameter A, the accuracy ¢,, the number of training samples n, and the kernel.
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1 Introduction

We begin with a formal definition of the classification problem. Let X be a pattern space and
Y := {—1,1} be the label space. A classifier uses a decision function h : X — R to assign the
label sign h(z) to every x € X (where sign 0 := 1). Let P be an (unknown) probability measure
on X x Y. The performance of a decision function h is measured by its risk (average classification
error)

Rp(h) == P({(z,y) : sign h(z) # y}).
The smallest achievable risk is the Bayes risk
Rp :=inf{Rp(h) | h: X — R measurable}.

Let T = ((z1,91), (T2,92), -y (Tn,yn)) € (X x Y)™ be a collection of n i.i.d. data samples drawn
according to P. In the classification problem we seek a procedure that accepts 7' and produces
a decision function hp whose risk Rp(hr) is close to the Bayes risk. More generally we seek
a computationally efficient procedure that can accomplish this task for a large fraction of the
training sets T drawn from distributions P that belong to a large class of distributions.

SVM classifiers map from the pattern space X to a Hilbert space H and implement a linear
classifier in H. In particular, for a map ® : X — H, SVM decision functions take the form

hup(z) = - D) +b

where (¢,0) € H x R and - is the Hilbert space inner product. Since a large (possibly infinite)
dimensional Hilbert space may be required for good performance a kernel function & : X x X - R
is used to compute the Hilbert space inner product, i.e. k(z1,z2) = ®(z1) - ®(22), V21,29 € X.
In practice, rather than choose the map ®, we often choose the kernel function k. Once a kernel
has been chosen the classifier parameters (i1, br) are determined by solving a convex quadratic
programming (QP) problem parameterized by T. Several forms have been proposed for this QP
problem, but few currently possess both favorable performance bounds (relative to the Bayes risk)
and practical algorithms that are proven to run in polynomial-time. One that does is based on the
QP problem

ming ey Al)* + D0 wii
Psv : 1—y(¥-®(z) +b) - & <0, i=1,..,n (1)
£ <0, i=1,...,n

where A > 0, w; > 0 and ), u; = 1. In particular the so—called L1-SVM [26] sets u; = 1/n, i =
1,...,m, giving rise to the (Pri_gyvas) variant that is used to design parameters for the classification
problem above. In contrast the DLD-SVM [25] sets

u.:{/ﬁ/nlu yZ:]-
' (1=p8)/n-1, yi=-1

where 0 < < 1, giving rise to the (Pprp_svar) variant that is used to solve a density level
detection problem for anomaly detection. Although our primary interest is in the (Pri_svar)
variant, much of our intermediate analysis is carried out for the more general (Psy ) problem.
Numerous algorithms have been proposed for (Psyr), and while several are considered practical,
few are known to possess polynomial run—time bounds. This problem presents some interesting
computational challenges in that standard algorithms for convex QPs are not practical because
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(Psv ) may be very large (even infinite dimensional). For example the ellipsoid—based polynomial—
time algorithm described by Bern and Eppstein is not practical because it requires an explicit
representation of the data in H [3]. The so—called Wolfe Dual of (Psy ) is given by

max, —3(Qa, o) + a - 1
Dsv a-y=0 (2)
0<a<u

where
Qij = yiy;®(zi) - @(x5)/2\, 1<i<n,1<j<n.

Since this problem is smaller (and always finite dimensional) it seems natural to consider an ap-
proach that first computes a solution ap to ([)SVM) and then uses ar to compute a solution
(Y, by, &) to (Psyar). In particular this might be accomplished by using ap to form a Kuhn—
Tucker vector for (Psyar), establishing a set of optimality conditions expressed in terms of this
Kuhn-Tucker vector using Theorem 28.1 in Rockafeller [22], and then formulating an optimization
problem whose solutions satisfy these conditions. For example, given o, the optimization problem

Yr = 35 oy oy ®(z;)
(br,ér) € argminge > 1", & 3)
I —yi(pr - ®(z) +0) =& <0, i=1,..,n
-£ <0, 1=1,..,n

reduces the task of solving (Psy ) to the task of solving an (n+1)-dimensional linear programming
(LP) problem. However, (DSVM) can still be quite large. Indeed, simply specifying a problem
instance requires order n? memory which, for medium to large values of n, is impractical for most
modern computers. This issue has been addressed by employing algorithms that solve the Wolfe
Dual QP problem by solving a sequence of smaller problems where each of the smaller QP problems
is obtained by fixing a subset of the variables and optimizing with respect to the remaining variables.
Algorithmic strategies that solve a QP problem in this way are called decomposition algorithms and
a number have been developed for the Wolfe Dual QP problem [1, 4, 5,7, 9, 10, 11, 12, 13, 14, 15, 16,
18, 19, 20, 21, 24, 27|, but few have been proven to run in polynomial time. Balcdzar et al. present
a randomized decomposition algorithm whose expected run time is O ((n+r(k*d?)) kdlog n) where
n is the number of samples, d is the dimension of the input space, 1 < k < n is a data dependent
parameter and r(k2d?) is the run time required to exactly solve the Wolfe Dual QP over k?d?
samples [1]. This algorithm is attractive when k?d? < n, but in practice the value of k is unknown
and it may be large when the Bayes risk is not close to zero. Hush and Scovel [9] define a class
of rate certifying algorithms that are guaranteed to produce an approximate solution to the Wolfe
Dual QP in polynomial time. The key to developing a successful rate certifying algorithm is in
the method used to determine the working sets, which are the subsets of variables to be optimized
at each iteration. Currently the fastest guaranteed rates are obtained with Simon’s working set
selection algorithm [24] which yields a rate certifying decomposition algorithm that produces an
eq—optimal solution to the Wolfe dual in O (’;—g +n?In )‘7”) time where K = max; k(x;, z;) [8, 16].

Existing computational guarantees hold only for approximate solutions to a dual QP problem
[8, 16]. We remedy this situation by establishing a framework for the accurate construction of
approximate primal solutions from approximate dual solutions, designing and analyzing a specific
construction method, ans designing and analyzing a computationally efficient algorithm for this
method. In particular Section 2 establishes a framework for constructing approximate solutions
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to (Psyar) with accuracy €, from approximate solutions to (DSV ) with accuracy €4 by solving a
set of converse dual equations. We show that exact solutions to these equations yield approximate
primal solutions with €, = 4¢4, but we are unable to produce a computationally efficient algorithm
to exactly solve these equations. On the other hand we determine a computationally efficient
method for approximately solving these equations that yields approximate primal solutions with
€p X y/€q4. In Section 3 we combine this method with Simon’s rate certifying algorithm for the dual
[8, 24, 16] to form a learning algorithm for the L1-SVM variant of (Pgys) that is polynomial in
n, 1/X, and 1/e,.

Remark 1 Before we proceed let us clarify the scope of our run time analysis. The types of com-
putations required to design and implement SVMs include constant time operations (such as
addition, multiplication and comparison) and kernel evaluations whose computational require-
ments are almost never constant time and vary significantly from one kernel to the next. In this
paper we describe an algorithm that requires a polynomial number of constant time operations and
a polynomial number of kernel evaluations.

2 Constructing an Approximate Solution to the Primal

An efficient procedure exists for determining an ezact primal solution from an exact dual solution
by solving the LP problem in (3) (e.g. such a procedure is described in the last part of the proof
of Theorem 3 in Section 3), but a suitable method for determining an approzimate primal solution
from an approximate dual solution is currently unknown. The analysis in this section suggests that
the latter involves a serious trade—off between computation and accuracy. We briefly investigate
this issue and then analyze an efficient procedure that closely resembles current practice.

We start by defining approximate solution sets for maximization problems. The definition for
minimization problems is analogous.

Definition 1 Let (P) be a mazimization problem with domain © and criterion function G : © — R.
Let G* := supycg G(0) be its optimal value. Then for any 0 < e < oo we define

O(P) = {€©:GO) >G" —¢€}
to be the set of e-mazximizers of (P).

To simplify notation we use the variable z to represent points mapped from X, i.e. z := ®(z).
The criterion function for (Psyas) is

Gp(1h,b,€) = AYII* + D wiks + 35, (¥, b, 6)

=1
where dg is the indicator function of the set S,

0, #e€S
ds(0) :_{oo 0¢85

and S1 = {(¢,b0,€) : 1 —yi(-2z;+b) =& <0and & >0, i = 1,...,n}. The Lagrangian [22] for
(PSVM) is

L(,&, by, ) =
{)\WHQ 3w — (YW +b) =14+ &) =S wk (a,p) €E
—00 (avu) ¢ E
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where £ = {(a, ) : a; > 0,45 > 0,4 =1,...,n}. The Lagrange dual criterion function is
Gpl(a, = inf L(¢, &, b;a,n) =
p(a, ) ot (¥, ¢ 1)

—00 a; + p; # u; for any i or (a, ) ¢ E
infy g A2 — Yoo (yl(iﬁ <z +b) — 1), a; + i = u; Vi and (o, p) € E.
Define the matrix )

Qij =viyjzi-zj/2A, 1<i<n,1<j<n.

Since

. n —00, Q- y ?é O
inf A[ol1” = > iy zi+b)—1) =1 .
- ; ( )= Vit A = S oyt~ 1), -y =0

and
n

iﬁf)\M}HZ - Zai(yﬂ/} cz — 1) = f%<Qa, a)+a-1

i=1
we obtain that the Lagrangian dual criterion is
1
_§<QOZ, Oé> +a-1- 552 (Ol) - 653 (Ck, ,U,) (4)
where So = {¢:0<d <wand &-y=0}and S3 = {(&, ) : &+ & = u}. Therefore we can now
define the corresponding SVM dual optimization problem

Gp(a,p) =

maxa,, —3(Qa,a) + a1

Dgym - 0<a<u
a-y=0 (5)
a+pu=u
Let
. 1
Gp(a) = —§<Qa,a> +a-1—dg,(a)

denote the so-called Wolfe dual criterion function. We note that this function is not the true Wolfe
dual, which is defined on (1, b,¢ : «, p) space [17], but it is equivalent to it. We conclude that

GD(O[, :u‘) = GD(a) - 553 (a7 M)
and solving for (a*, u*) € arg max Gp is equivalent to solving for a* € arg max Gp and then setting
wr=u—a*.
The following theorem shows that approximate solutions of (Psyjs) can be constructed from
approximate solutions to its dual (Dgys) by solving a set of converse dual equations.

Theorem 1 Let (o*, u*) € O(Dsy ) and define the set of points

( (a) §>0, i=1,..n ~
b)) &>1—y(W-2zi+0b), i=1..n,
_ tin . (@ Y w420 —af 1< 20
CD, = < (¥,b,¢) € HxR"™: (d) %Z&"H/; (6)
(e) Il < V20 /A
(f) = S0 atyiz

that satisfy the o—converse dual equations
o > 0 it satisfies CDy C O45(Psvar).

—

a)~(f)-

Then CD, is nonempty for all o > € and for
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Proof: Our proof is an application of [23, Corollary 2.7] as described in [23, Remark 2.8]. First we
note that the assumptions in [23, Corollary 2.7] are met with €; from that corollary equal to zero
since an exact solution to (Psyjps) with nonnegative criterion value always exists and the duality
gap is zero by Theorem 4 in the appendix. Referring to the notation in that paper, we identify the
convex parameter space C = H x R and

Fo(,0,8) = M|+ wit
i=1

fi(¢,b,f) =1—yi(¥-z;+b) =&, i=1,...,n
fi—&-n(w;b, 5) = —&, 1= 1, e n

where m = r = 2n. Then the set of points that satisfy the 7—Kuhn—Tucker conditions of Scovel et
al. [23] become

KTC, =
(a) fi(¥,0,6) <0, i=1,...,.2nand « >0, p >0

n . (b) -7 S Z?: alfl(w7b7€) +Z?: /szfn Z(w7b7€)
(1, b,&, a,p) € C x R*™ © 30<0 SITSU.Ch ot 1 Hilnt

0 € 0oy fo(¥,0,€) + D20 cudfi(th, b, &) + 370 pidfnti(1h, b, €)
(7)
where df denotes the differential of a function f and J, denotes the 7—subdifferential operator [6].
Let

KTCre == {(¥,0,€) € C: I, n) € Oc(Dsy ) such that (¥,0,&, o, pu) € KTC}.

According to [23, Corollary 2.7] the set KT'C |, is nonempty for all 7 > 2¢ and for 7 > 0 it satisfies
KTC, C Oa,(Psyar). Thus to complete the proof it is sufficient to show that CD, C K TCye;
o >0.

Let us start by representing (7) at an approximate maximizer (o, u) = (o, u*) € Oy (Dgyar) and

T = 20. Since (a*,u*) € Oy (Dgypr) it follows that (o*, u*) must be feasible for (Dgyas), that is
0<p* <u
0<a*<u
S ®)
af+ut=u
Therefore

D arfiw, b, 8) + Y i fani(Wh,0,€) =@ 1= wik =Y afyiz

i=1 i=1 i=1 =1

and so with 7 = 20 and ¢ = 5 Y1 | afy;z; an equivalent set of equations to (7a)-(7c) is

(a) >0, 1=1,...,n

(0) &>1—y(Y-z+b), i=1,..,n,

(0) ST s 4 20— 0”1 < 20 (9)
(d) 0 € Qo(NYIIP) (W, b,€) + (31 wii) (1, b,€) + Soiy edfi(i, b, g)

+ Z@:1 H; dfn-&-z(wa b 5)
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Thus it remains to show that (9a)-(9d) imply (6a)-(6f). To compute the 20 subdifferential of the
quadratic function we use Example XI.1.2.2 (p. 95) in Hiriart-Urruty and Lemaréchal [6] to obtain

b+ ,
Oro (N[YI%) (0,0,6) =20 | 0 |+ [¥)* < 20/A
0
We also have
n 0
i=1 u
I Yizi
dfl(d}abvg):_ Yi 722175’”
L &
and
[0
dfi(,0,)=—1 0 |[,i=n+1,.,2n
€;

where e; = (0, ...,1,...,0) is an n—tuple with a 1 in position ¢ and 0 in all other positions. Thus we
conclude that the equations (9a)-(9d) imply (6a)-(6f) so the proof is finished. [ ]

Theorem 1 says that we can construct a 4e-minimizer of (Pgsy /) from an e-maximizer of (Dgy ar)
by employing an algorithm that solves the e—converse dual equations. We now seek such an algo-
rithm. One approach is to formulate an efficiently solvable programming problem whose solutions
satisfy the e-converse dual equations. This is relatively straightforward when an exact dual solution
(o, pr) is available. For example it is easy to verify that solutions to (3) satisfy the e—converse
dual equations with e = 0 and so any algorithm that solves the LP problem in (3) will give an exact
solution to the primal. Furthermore any algorithm that substitutes an exact solution ap into (3)
and then computes an e-minimizer (b*,&*) for the LP problem gives an e-minimizer (¢, b*,£*)
to the primal. However when only an approximate dual solution is available it appears to be
more difficult to determine an efficiently solvable programming problem whose solutions satisfy the
e—converse dual equations. On one hand we can formulate many programming problems whose
(exact) solutions would yield solutions to the e-converse dual equations. For example any solution
of the QP problem

ming pe [[¢ — 9|

&E>0, i=1,..,n,
&>1—y(@-zi+b), i=1,..,n, (10)

S i+ 20 ) — a1 < 20

¥ = %Z?ﬂaf?/z’zi

satisfies (6). Furthermore with o = € a solution is guaranteed. Another QP problem with the same
property is

minw’hg Z?:l u,fz + 2)«/) . 1/}
E>0, 1=1,...,n,
5,‘ > 1—yi(¢-zi+b), _z'zl,...,n, . (11)
= 2 < 20/
Y= %2?21 Q;Yizi
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On the other hand both of these, like the primal problem, may be very large and therefore cannot
be solved directly. This will be true for any programming problem that optimizes over the RKHS,
but it may be difficult to avoid optimizing over this space since the converse dual equations include
a variable that lives in this space. One possibility is to fix this variable, e.g. zp = 0, and then
formulate a programming problem over the remaining variables. For example we might consider
the simpler optimization problem

ming,_j e 3 iy wii

& >0, izl,...,n
§zZl—yz(¢ zz+b) 1—1

w QA Zz 1 Oé ylZ’L

This is a realization of (3) for approximate dual solutions and is therefore a natural problem to
consider. It is an open question whether solutions to this problem satisfy (6), but we suspect not.
However the following theorem shows that this last problem can be simplified to a one dimensional
convex optimization problem whose approximate solutions are approximately optimal for the primal
but with a larger degree of suboptimality.

(12)

Theorem 2 Consider the SVM programming problem (Psy ) with |2|? < K,i=1,..,n. Suppose
that (o, 1/*) € Oc(Dgvar) and Gp(a*, u*) > 0. Let

_ 1 &
Y= %;a?ym (13)
&) =max (0,1 —y; (Y- 2+ b)), i=1,..,n (14)

and let ( Pyfrset) be the one dimensional optimization problem
n
i £.(h
Y w0

Ifbe O ( Pyfset) then (1, b,£(b)) € Oc,(Psv ) with €, = 2¢, + 4€ + 4\/E(\/§—i— \/K/Z)\).

Proof: We start by replacing the variables &; in the converse dual equations with

E(,b) = max (0,1 —y;(¢b- 2 +b), i=1,..n,

and then simplifying to obtain a new set of equations described by the following lemma.

Lemma 1 Let (o*, p*) € O(Dsvar) and define the set

(@) 2?21 ui&i (1, b) 4+ 2M QZ —a*-1< 20
MDC, = < (,b,§) € HxR : (c) MJH 20/ (15)
(d) w 2/\ Zz 105 YiZi

of points that satisfy the o-modified converse dual equations (4)—~(d). If (¢,b,€) € CD, then
(,b,&(1, b)) € CDy and (1p,b) € MDC,. Conversely if (v,b) € MDC, then (¢,b,&(,b)) € CD,.

Proof: The proof follows trivially from the monotonicity in £ of the converse dual equations (6).
|
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Now we choose ¢/ = 0 so that equation (¢) is satisfied for any o > 0 and we use the fact that o*
is an e-maximizer of the dual to determine a value of o for which equation (@) is satisfied. Since
(a*, u*) is an e-maximizer it must be feasible. The assumptions give

G(a™,u*) = —%(Qa*,a*> +a*-1>0.
However since $(Qa*, a*) = A|1)|*> we obtain
M2 —a*-1<0
and since o - 1 <1 (because 0 < o; < u; and u -1 = 1) we obtain

W] < 1/ (16)

We know from Theorem 1 that there exists a (¢¥*,&*,b*) € CD, and by Lemma 1 (¢*,0*) € M DC..
If we denote

&(b) =max (0,1 —y; (" -z + b)), i=1,..,n,
then it follows from the identity

| max (0, s) — max (0,t)| < |s — ¢,
and the inequality ||v* — || < 1/2¢/X that

&) — ) < (67— D) 2l < VRN, i=1,.m.
In addition it follows that

D w&i(b) 20 h — ot L= w&F(0F) + 2007 — a1+ D> wi(§(bT) — & (07) + 2M(¢ — ) -

i=1 =1 =
< 2+ \/2eK /X + 2|0 — ||| ||
< 26+2\£(\/§+ \/m)

Therefore with b € O, (P, ffset) and bo € Og(P, ffset) We have
ST w&i(d) + 220 — a1 <> widi(bo) + €0+ 200 - — a* -1
i=1 =1

<Y wbi(b) + e+ 20—t - 1
=1

< €0+ 26+ 2Ve(V2 + VK/2)).
Since £(b) = £(v,b) we conclude that

D wibi(ih,b) 20 ) — a1 < 6o+ 26+ 2V (V2 + V/E/2N).
i=1

Consequently, (¢,b) satisfies the modified converse dual equations with o = $ +e+ \ﬁ(\/i +

VEK/ 2)\) and by Lemma 1 we know that (¢, b, (1, b)) satisfies the converse dual equations. The-
orem 1 now implies the result. |
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In the next section we describe a polynomial time algorithm that uses Theorem 2 to compute an
approximate solution to (Psyas). Since this algorithm computes an exact solution to (Pysfset) the
accuracy requirement for the dual solution is given by the following corollary.

Corollary 1 Consider the SVM programming problem (Psyu) with A > 0 and |z]* < K,i =
1,..,n. To produce an ep—minimizer of (Psyar) from an eq-mazimizer of (Dsv ) using (15)-(14)
and b € Og(P,yrset) it is sufficient that

2
)\ep

<2\/ﬁ+8\5>2.

€d =

Proof: Theorem 2 implies that given ¢, it is sufficient to find an €4 such that

deg +4/eq(V2+ VEK/2)) < €. (17)

Since the optimal value of the (Psyjs) criterion Gp is < 1 and Gp > 0 we need only consider
€p < 1. Substituting €4 into (17) and simplifying gives

e (2v2K + 4v2X) ¢,

deq +4y/ea(V2+ VEK/2)) = 5+
(NﬁJFSﬁ) 2V2K + 8V
2
2 2
— 2V —(4—2V2) 2V tep
2v2K + 8VA 2v2K + 8V/A
2 2
_ (e N[, s e )
2v2K + 8VA 2V2K +8VA
<eé€p
where the last step follows from the fact that ¢, < 1 implies 2\/%(% < 1/4 which in turn implies
that 4 — 2v/2 — — 2% _ 5 =

2V2K 48V

Remark 2 The expression for eq in Corollary 1 can often be simplified. For example if the condi-
tions in Corollary 1 are satisfied and A < 1 then

A2
€g=—2—+ 5
(2\/21( + 8)
1s sufficient, and if K > 1 then
)\6120
€q =
121K

is sufficient.

3 The L1-SVMD Learning Algorithm

In this section we describe an algorithm for the L1-SVM variant of (Psyas) with u; = 1/n, @ =
1,...,n. This variant is denoted by (Pri—svas) and is used to design classifiers for the standard
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classification problem. We combine Simon’s rate certifying algorithm for the dual [8, 24, 16] with
a dual-to—primal algorithm based on Theorem 2 to form a polynomial-time learning algorithm
called L1-SVMD. L1-SVMD, shown in Procedure 1, accepts a training set 7', a kernel function
k, a regularization parameter A\ and an accuracy parameter €,, and produces an €, -minimizer
(Yr,br) € Oc,(Pr1-svu). Note that since the dimension of Y1 may be large (even infinite) L1
SVMD does not compute it directly; instead it returns ar which is used to implement the SVM
decision function by way of 7 - ®(z) = o S°F | (ar)yik(zi, z).

The L1-SVMD algorithm has four parts; lines 3-7 determine an exact solution for the degenerate
case where all data samples have the same label, lines 9-12 compute variables that define an instance
of the primal and dual QP problems, lines 14-28 compute an approximate dual solution ar, and
line 31 computes the offset by. The approximate dual solution @7 is determined by a rate certifying
decomposition algorithm that employs working sets W of size 2 determined by Simon’s algorithm
[24]. Lines 19-20 of this algorithm compute the value 77 which is used to determine the maximum
number of iterations performed by the main loop in lines 22-27. The main loop updates « by
solving the Wolfe Dual (D 11-sv M) restricted to the two components specified by the working set,
updates the gradient g, uses Simon’s algorithm to determine the next working set, and terminates
after no more than [ iterations where [m] is the smallest integer greater than or equal to rh.
The condition W™ = () indicates that an exact solution has been found and if this occurs for
m < [m] then the algorithm terminates early. The value 77 is determined by computing the
accuracy 0 < €4 < 1 (on line 19) according to Remark 2 and then computing 7 (on line 20) to
guarantee an eg—maximizer for the dual. The expression on line 20 is determined by applying
Theorem 3 in Hush et al. [8] with S = max;u; = 1/n, L = K/2X where K > max; k(x;, z;),
R* — R(a®) < 1 where R = Gp is the Wolfe Dual criterion, and 7 = 1/n to obtain the following
corollary.

Corollary 2 For 0 < ¢ < 1 and K > max; k(x;, x;) the main loop of Simon’s rate certifying
algorithm illustrated in lines 22-27 of Procedure 1 produces an eg—mazximizer of (Dgyar) after [
iterations where

1 2K
2n1n -t €d = 5,

™ =
2K An 2K
2n</\€dn—1+max(0, ln2K)>, €d < 5,

Applying this corollary with K = K, := max; k(z;,z;) gives the expression for 7 on line 20.
Once ar has been determined line 31 determines by by computing an exact solution to the one
dimensional convex optimization problem specified in Theorem 2. To see this recall that Theorem

2 gives
n
br € arg mbinz U; max (0, 1—y; (-2 + b)) .
i=1
It is easy to show that this is equivalent to line 31 by noting that
gi=1—yr-z, i=1,..,n

where g; is the i*" component of the gradient ¢ = —Qar + 1.
Since the number of iterations [772] depends on the random variable K, = max; k(x;, z;) the run
time of L1-SVMD is a random variable. To establish a deterministic run time bound for L1-SVMD

10
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we define

K := supk(z, )
rzeX

and restrict to kernels where K is finite. This includes the Gaussian RBF kernel k(z,2') =
e 'I” for which K = 1. The following is a technical lemma that is needed to establish a
deterministic run time bound for L1-SVMD in terms of K.

—o?||lz—x

Lemma 2 For 0 < ¢é <1 let M(K,¢) = [r(K,€)] where 1h is the function specified in Corollary
2 with variable (K, eq) = (K,€). If K1 < Ky and €1 > ey then M(Kj,e1) < M(Ko,€2).

Proof: It is easy to verify that the function 7 is monotonically decreasing in é and therefore
m(Ki,e1) < m(Kq,e2). It is also easy to verify that 1 is continuous and piecewise differentiable
in K. Therefore to establish that 772 is monotonically increasing in K it is sufficient to show that

g—? > 0 over each of the three intervals where it is differentiable. The partial derivatives over these
intervals are given by
0, K < n
o _ ) op(2 1 LA | o An
9K N\ ey T K)0 2 2
4 A
VL 5 <K
Clearly g% is nonnegative over all three intervals. Thus we conclude that 7 is monotonically
increasing in K and therefore 17(K1, €2) < 1(Ka, €2). Combining the two steps gives (K1, ;) <
m(Ka,€e2) and since [-] is nondecreasing the proof is finished. |

With the help of the above lemma we can apply Corollaries 1 and 2 with K = K to obtain
a deterministic bound on the number of iterations in the main loop of Simon’s decomposition
algorithm. This allows us to establish the following polynomial bound on the run time of L1-
SVMD.

Theorem 3 Consider the L1-SVMD algorithm with a fived kernel k : X x X — R where K =
sup,cx k(x,x) is finite and K > 1. Furthermore let 7, be an upper bound on the computation
required to evaluate k. Then the L1-SVMD algorithm with inputs T = ((z1,y1),--., (Tn,yn)) €
(X xY)", 0<X<1, and 0 < ¢, < 1 produces an e,—minimizer (Y, br) € Oc,(Pri—svu) with
run time

0 (Tan +n?ln < ) , €p > 11V2K N 1n~1/2

2
)\ep

) (Tan + )‘;2?” + n? max (0, ln)\n)), ep < 11V2K A In=1/2
Proof: The L1-SVMD algorithm sets a” = 0 (on line 15) giving an initial dual criterion value
of 0 thereby guaranteeing that the final dual criterion value is nonnegative. Thus the L1-SVMD
algorithm is guaranteed to produce an e,-minimizer of (Pri1_gy ) since it computes €4 according
to Remark 2, computes an e;—maximizer of the dual whose dual criterion value is nonnegative
thereby satisfying the assumptions of Theorem 2, and performs the dual-to—primal map prescribed
in Theorem 2. To determine the run time we start by observing that the computation in lines 3-21
is dominated by the O(7;n?) computation required to produce the @ matrix. The computation
of the main loop in lines 22-27 is [m]|L where [m] is the number of iterations and L is the

11
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computation per iteration. The computation per iteration satisfies L = O(n) since solving the
2—variable QP problem on line 24 takes constant time, updating the gradient on line 25 requires
O(n) computation (due to the sparsity of a™ — o™ 1), and since Simon has provided an O(n)
algorithm for the computation on line 26 [24]. To obtain a bound on the number of iterations let

2 _
€1 = 1;\% be the accuracy obtained by applying Remark 2 with K = K. Note that this accuracy
is less than or equal to the accuracy value used to determine 77 in the L1-SVMD algorithm. Now
apply Corollary 2 with ¢4 = €5 and K = K to obtain a number of iterations m. Then Lemma 2
gives m > . Substituting €; into the expression for m from Corollary 2 and simplifying gives

O <n2 In /\%2> , €p > 11V2K N 1n~1/2
P

e

@) (’\;22" + n?max (0, ln)\n)) . < 112K N In~1/2
P

Next we prove that the computation of the main loop dominates the computation of the offset in

line 31 thereby finishing the proof.

To compute the offset we must minimize the criterion ) ;" ; u; max (0, Yi (gz- — b)) over b. This
criterion is the sum of hinge functions with slopes —u;y; and b—intercepts g;. It is easy to verify
that if the u; are nonnegative, the g; are bounded, and the y; are not all equal then the set of optimal
solutions is bounded. Furthermore, it is easy to verify that the finite set {g;,7 = 1,...,n} contains
an optimal solution by. The run time of the algorithm that performs a brute force computation of
the criterion for every member in this set is O(n?). However this can be reduced to O(nlogn) by
first sorting the values g; and then visiting them in order, using constant time operations to update
the criterion value at each step. Thus, the computation required for line 31 is O(nlogn) which is
dominated by the computation in the main loop. |

Remark 3 In practice the run time of the L1-SVMD algorithm can often be improved by extending
Simon’s algorithm and employing a different stopping rule. For example, Hush et al. [8] introduce
an extension to Simon’s algorithm that possesses the same run time bounds but is shown empiri-
cally to provide substantially improved convergence rates. In addition they introduce an adaptive
stopping rule that guarantees the same accuracy but is shown empirically to stop the algorithm
in far fewer than [m] iterations.

4 Appendix

A proof that the duality gap is zero for the finite dimensional L1-SVM primal-dual pair can be
found in [5]. The following theorem extends that result to the (possibly) infinite dimensional
primal-dual pair in (1)—(2).

Theorem 4 Consider the Lagrangian
1 n n
L(®,§, b, 8) = 5”#’”%{ +u-&+ Z%’(l —&—yilzi Y+ b)) - B
i=1 i=1

of (1) defined for (,£,b) € B := H xR" xR and (o, ) € Eop, := {a,8:a>0,82>0}. Then

we have

inf sup L, & b;a,8) = sup inf Ly, &, b;a,0).
(¥.§,b)EB (o, 8)EEan ( ) (0,B)E By (¥:6,0)EB ( )

12
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Proof: Consider (vo,&,b0) := (0,2,0) where we use the notation 2 € R" for the vector
(2,2,...,2,2). Then since L(to,&,bo;,3) = 2-u—a-1— (-2 it follows that for any value
a that the set

{(a,8) € Ean : L(tho, &0, bo; , B) 2 a} ={(a, 8) € Eop : - 14 -2<2 - u—a}

is compact. Consequently, we can apply [2, Theorem 3.7] to obtain the assertion. |
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Procedure 1 The L1-SVMD Algorithm.

: INPUTS: training set 7', kernel £, regularization parameter A, and accuracy parameter ¢,

1

2:

3: Compute an exact solution for degenerate case
4: if (all y; take the same value ¢) then
5: ar «— 0, BT — 7
6:  Return(ar, br)
7: end if
8

9

. Compute QP variables for the L1-SVM
10: w;=1/n, i=1,..,n
11: K, +— max; k(a:i, acl)
12: Qij — yiyjk‘(l‘i,l‘j)/Q)\, ,j=1,...,n
13:
14: Compute an initial feasible point o°, corresponding gradient ¢°, and initial working set WO
15: ¥ 0, g%«1
16: WO « {iy,ip} where y;, = 1,1, = —1
17:
18: Compute an eg—mazximizer of the dual QP

. )\6127
19: €4 < min 17 o1k,
n

1 2K,
2nln a, €4 Z BY'E
20: 1h
2K, A 2K,
2n<)\6dz—1+max(0, lnﬁ)), € < 52
21: m«— 0
22: repeat

23: m<—m-+1

24: o™ « solve the 2-variable QP determined by a™~! and W™~!
25: gm — gmfl _ Q(am _ amfl)

26: W™ « use o™ and ¢g" to compute next working set using Simon’s algorithm
27: until (W™ =0) or (m = [1h]))

28: ap «— o™

29:

30: Compute the offset

31: by « argmin, (37 | u; max(0, g™ — y;b))

32:

33: Return(ar, br)

15



